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We present a method for generating solutions in some scalar-tensor theories with a minimally 
coupled massless scalar field or irrotational stiff perfect fiuid as a source. The method is based on 
the group of symmetries of the dilaton-matter sector in the Einstein frame. In the case of Barker's 
theory the dilaton-matter sector possesses SU{2) group of symmetries. In the case of Brans-Dicke 
and the theory with "conformal coupling", the dilaton- matter sector has SL{2,R) as a group of 
symmetries. We describe an explicit algorithm for generating exact scalar-tensor solutions from 
solutions of Einstein-minimally-coupled-scalar-field equations by employing the nonlinear action of 
the symmetry group of the dilaton-matter sector. In the general case, when the Einstein frame 
dilaton-matter sector may not possess nontrivial symmetries we also present a solution generating 
technique which allows us to construct exact scalar-tensor solutions starting with the solutions 
of Einstein-minimally-coupled-scalar-field equations. As an illustration of the general techniques, 
examples of explicit exact solutions are constructed. In particular, we construct inhomogeneous 
cosmological scalar-tensor solutions whose curvature invariants are everywhere regular in space- 
time. A generalization of the method for scalar-tensor-Maxwell gravity is outlined. 
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I. INTRODUCTION 

Scalar-tensor theories of gravity are considered as the 
most natural generalizations of general relativity [Q- 
In these theories gravity is mediated not only by the met- 
ric of space-time but also by a scalar field (the so called 
gravitational scalar). Scalar-tensor tiieories contain ar- 
bitrary functions of the scalar field that determine the 
gravitational "constant" as a dynamical variable. From 
a theoretical point of view it should be noted that spe- 
cific scalar-tensor theories arise naturally as a low-energy 
limit of string theory. 

In the weak field limit scalar-tensor theories differ 
slightly from general relativity. In the strong field regime, 
however, the predictions of scalar-tensor theories may dif- 
fer drastically from those of general relativity as it was 
shown in Refs. (?) and d). 

Scalar-tensor theories have also attracted much in- 
terest in cosmology (see Refs. |27 and references 
therein) . 

The progress in the understanding of scalar-tensor the- 
ories of gravity is closely connected with finding and 
investigation of exact solutions. A theoretical discus- 
sions of many aspects of the early universe, gravitational 
waves, gravitational collapse and the structure of the 
compact objects within the framework of scalar-tensor 
theories (as in general relativity) necessitates the use of 
exact solutions. Besides the theoretical motivation for 
construction of exact solutions, there is also a more prac- 
tical one. With the advent of numerical calculations, 



exact solutions are useful as comparisons for numerical 
and approximate solutions and as checks of the computer 
codes. 

Solving of scalar-tensor theories equations in the pres- 
ence of a source is a difficult task due to their com- 
plexity in the general case. In fact, scalar-tensor grav- 
ity equations are much more complicated than Einstein 
equations. In the so called Einstein frame the source- 
less scalar-tensor equations are reduced to Einstein equa- 
tions with a minimally coupled scalar field. In this case 
much progress has been achieved in finding exact homo- 
geneous and inhomogeneous cosomological solutions |^8|| - 
prf . Little has been done in solving scalar-tensor equa- 
tions with a source. The known solutions are perfect 
fluid homogeneous cosmological solutions depending on 
the time coordinate only (see Refs. iQ- and ref- 
erences therein). In Ref. |l^], Barrow investigated a 
method which enables exact solutions to be found for 
vacuum and radiation dominated Friedmann-Robertson- 
Walker (FRW) universes of all curvatures in scalar-tensor 
theories with an arbitrary form of the coupling function 
Particular classes of solutions were presented for 
specific choices of uj{^), including Brans-Dicke, Barker 
and Bekenstein theories. Barrow and Mimoso pre- 
sented a method for deriving exact solutions for flat FRW 
cosmological models with a perfect fluid satisfying the 
equation of state p = (7 — I)/9 where 7 is constant with 
< 7 < 2, in scalar-tensor theories with an arbitrary 
form for the coupling function w(<I>). A number of ex- 
plicit solutions for inflationary universes and p — uni- 
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verses were obtained. Exact FRW cosmological solutions 
in general scalar-tensor theories for stiff perfect fluid or 
radiation were derived by Mimoso and Wands in Ref. 
10 . Homogeneous but anisotropic cosmologies in scalar- 
tensor theories of gravity were examined by Mimiso and 
Wands in Ref. ||l5| . The authors presented a method for 
deriving solutions for any isotropic perfect fluid with a 
barotropic equation of state in a spacially flat cosmol- 
ogy. For stiff fluid or radiation or in vacuum the authors 
were able to obtain solutions in a number of anisotropic 
Bianchi and Kantowski-Sachs metrics. Extending the 
earlier work of and Barrow and Parsons 

provided a detailed analysis of FRW universes in a wide 
range of scalar-tensor theories of gravity. The authors 
constructed a range of exact solutions for open, closed 
and flat isotropic universes containing matter with an 
equation of state p < (l/3)/5 and in vacuum. The early 
and late-time behaviours of the solutions were examined, 
too. In Ref. Billyard and Coley discussed the formal 
equivalences between Kaluza-Klein gravity, Brans-Dicke 
theory and general relativity coupled to a massless scalar 
field. Using the formal equivalences the authors showed 
that exact solutions obtained in one theory will corre- 
spond to analogous solutions in the other two theories. A 
phase-space analysis of the FRW models in Brans-Dicke 
theory was performed by Kolitch and Eardley [ |l8|. T heir 
analysis was improved on by Holden and Wands 1 13] who 
presented all FRW models in a single phase plane. Par- 
ticular attention was focused on the early and late-time 
behaviour of the solutions and on whether inflation oc- 
curs. The qualitative properties of scalar-tensor theories 
of gravity were also studied by Coley in Ref. ||2^ . The 
author presented exact solutions which are analogues of 
the general relativistic Jacobs stiff perfect fluid solutions 
and vacuum plane wave solutions which act as past and 
future attractors in the class of spatially homogeneous 
models in Brans-Dicke theory. 

It should be noted the the methods developed in [p^ , 
[0, and are solution generating methods only 
for homogeneous cosmological solutions and are not ap- 
plicable to more general cases. 

The purpose of this paper is to present a general 
method for generating exact solutions to the gravity 
equations with a minimally coupled massless scalar field 
(MCSF) and irrotational stiff perfect fluid within the 
framework of some scalar-tensor theories whose Einstein 
frame dilaton-matter sector has nontrivial symmetries. 
In the general case, when the Einstein frame dilaton- 
matter sector may not possess nontrivial symmetries 
we also present a general solution generating technique 
which allows us to construct exact scalar-tensor solu- 
tions starting with the solutions of Einstein-minimally- 
coupled-scalar-field (EMCSF). This technique is based on 
the geodesies of the Riemannian metric associated with 
the dilaton-matter sector. 

The motivations to consider a MCSF as a source are 
the following. In view of the complexity of the equations 
of the scalar-tensor gravity, it is natural as a first step to 



consider a simple source. On the other hand, in different 
contexts, the scalar field (different from the gravitational 
scalar) plays an important role in modern physics: the 
scalar field has been proposed as a candidate for gravi- 
tational lensing [Q, |^ and for dark matter at galaxies 
scales @ , as well as at cosmological scales , Q , [|3| . 

Examples of different kinds of explicit exact solutions 
are also considered. 



II. SCALAR-TENSOR THEORIES WITH A 
MINIMALLY COUPLED SCALAR FIELD AS A 
SOURCE AND SYMMETRIES OF DILATON - 
MATTER SECTOR 

Scalar-tensor theories are described by the following 
action in the Jordan frame: 



1 



IBttG* 



-2C/($)) + 5„, [*„,;5^,]. (1) 



Here, G* is the bare gravitational constant, R is the 
Ricci scalar curvature with respect to the space-time met- 
ric g^jy. The dynamics of the scalar field $ depends 
on the functions F{^), Z{^) and U{^). In order for 
the gravitons to carry positive energy the function F{^) 
must be positive. The action of matter depends on the 
material fields 5'„i and the space-time metric ^^i, but 
does not involve the scalar field in order for the weak 
equivalence principle to be satisfied. It should be men- 
tioned that the most used parametrization in the litera- 
ture is Brans-Dicke one, corresponding to F{^) = $ and 
Z($) = 

It is much clearer to analyze the equations in the so- 
called Einstein frame. Let us introduce the new variables 
gfj_i, and ip, and define 



9^^ = F{^)g^,^ 
difiV _ 3 / dln(F(^)) y Z{<i>) 

2V{ip) = U{<P)F-^{<P) 



(2) 



From now on we will refer to g^i, and ip as Einstein 
frame metric and dilaton field correspondingly. 

In the Einstein frame the action (|^) takes the form 



S = 



1 



IGTrG* 



d^x^{R - 2g''-'d^ipd,ip - AV{ip)) 

+S„,[^,n;A^{(p)gf,^] (3) 



where R is the Ricci scalar curvature with respect to 
the Einstein frame metric g^,^. 

We consider scalar-tensor theories with a minimally 
coupled (massless) scalar filed (MCSF), a, as a matter 
source. A minimally coupled massless scalar field also 
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corresponds to an irrotational stiff perfect fluid with en- 
ergy density 



and velocity field 



provided gf^^df^crd^a < ||], 

The Jordan frame action for the scalar field is 



Sn 



1 



167rG* 



d-^xy^{-2g'"'d^cTd^a). 



(4) 
(5) 

(6) 



In what follows we will consider only the special form 
of the potential C/($): [/($) = 2AF2(4>) or V{(p) = A = 
const. 

The full Einstein frame action then is 



5 = 



1 



(7) 



where 

^DM — 



-2g^'''d^ipd,ip ~ 2A^{ip)g^''d^,ad,a (8) 



is the dilaton-matter sector of the theory Lagrangian. 

Remarkably, in the case of some specific scalar-tensor 
theories the dilaton matter-sector (Q) of the theory pos- 
sesses hidden symmetries which allow us to generate ex- 
act solutions. In order to unveil these symmetries we de- 
fine a two-dimensional abstract Riemannian space with 
a metric 



dP = dip^ +A^{ip)da^. 



(9) 



Solution generation techniques consist in finding in- 
variant transformations of the dilaton-matter sector of 
the Lagrangian in the action (^. This is equivalent to 
finding the isometry group of the metric (|9|). In two 
dimensions the isometry group of can be either Gi 
or G3. Clearly our metric possesses Gi isometry corre- 
sponding to the Killing vector d/da. From a physical 
point of view, however, this symmetry is not interest- 
ing because it generates just a shift of the scalar field cr: 
a —> a + const. The metric has G3 group of isometrics 
only when the Gauss curvature K is constant. Reversely, 
the constant curvature condition imposes a differential 
equation for the function A{lp): 



K 



d^Ajifi) 
dif^ ' 



(10) 



In this way, solving the diferential equation ( p^ ) we ob- 
tain the scalar-tensor theories whose dilaton-matter sec- 
tor possesses group of isometrics G3. 

When the Gauss curvature is positive {K > 0) the 
group of isometrics is SU{2) (see below). The scalar- 
tensor theories corresponding to this case are character- 
ized by 



A{ip) = a cos(v K(f + b) 



which corresponds to the fimctions -F($) = $ and 
(1 + 3iC) - 3Ka^<^ 



2X$(a2$ - 1) 



where a > and b are arbitrary constants. Since eq.(y) 
define up to a constant we may put b = 0. In the case 
K = 1 and a = 1 we obtain the Barker's theory Q]. 

For negative Gauss curvature {K < 0) the isome- 
try group is SL{2,R). The scalar-tensor theories whose 
dilaton-matter sector has negative curvature are charac- 
terized by 



Aiif) = aexp{y/\K\ip) + be^p{-y/\K\^) 
corresponding to the functions F{^) = <f> and 

\ K \) + 12 \ K \ ab<S> 



Z($) 



2\K \ 'S>{1~ 4ab<S>) 



where a > and 6 > are arbitrary constants. In 
the case 6 = we obtain the Brans-Dicke theory with 
I if 1= 1/(3 -t- 2w)|. When ab ^ the function A{^) can 
be presented in the form 

A{ip) = n cosh(Vl K \ip + c) 



where fl = 2\J ab and c is a constant. Without loss of 
generality we may put c = 0. In the special case = 1 
and I K |= 1/3 we obtain the theory with "conformal 
coupling" . This theory is also described by the functions 
F($) = 1 - i$2 j^j^^ 2.{<^) = 1. 

The scalar-tensor theories possessing flat {K — 0) 
dilaton-matter sector have an isometry group /so(R^) 
and are described by [] 

A{}p) = 1 + a(/3 

corresponding to the functions -F($) = and 



Z($)- 



1 - 3a2$ 



where a 7^ is an arbitrary constant. 

It is worth noting that he scalar-tensor theories with 
the same group of isometrics of the dilaton-matter sec- 
tor may have rather different behaviour from a physi- 
cal point of view. As for example we may consider the 
Barker's theory with A(^p) cos{(p) and a theory with 
A{(p) ^ cos{\/K(p) where K ^ 1. For the Barker's theory 
the effective gravitational "constant" is a real constant 
Geff ~ G* (to first order of the weak filed limit) while 
for a theory with K 1 the effective gravitational " con- 
stant" may vary : Geff ^ cos'^{y/l{ip) + K sin^{\/Kip). 



*Here we consider the case u > —3/2. 

^We have put the second constant in A{ip) equal to one. 
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Below we consider in details the symmetries of the 
dilaton-matter sector for the scalar-tensor theories de- 
scribed above and present solutions generating formulas. 
The general case when dilaton-matter sector does not 
possess nontrivial symmetries is also considered. 



A. Barker's theory 

Barker's theory is described by the functions 
F(<1>) = (f> and Z((f>) = (4-3<i>)/<i>(2$-2) corresponding 
to A'^{(p) = cos^ {ip). The metric (||) then is 



(11) 



This metric can be considered as the standard metric 
on the unit 2-sphere. It is more convenient to present 
the metric in the well known complex form. To do so we 
introduce the complex field 



z = cot((/3/2 + 7r/4) e" 

We obtain then 

„9 . dzdz 
dr 



(12) 



(1 + ZZ)2 ■ 

The metric is invariant under the transformations 

az + b 



(13) 



-bz 



(14) 



where 



U 



a 

-b 



G SU{2). 



There is also an independent discrete symmetry z —^ z 
which corresponds to cr — > ~a. 

We note that the SU{2) transformations act nonlin- 
early on the scalar fields but leave the Einstein frame 
metric invariant: g^^^^ = g^^. The Jordan frame metric 
5^^, therefore, transforms under (|l^ ) as 



The symmetries of the dilaton-matter sector can be 
used to generate new solutions from known ones. In the 
case of Barker's theory, any solution of Einstein equa- 
tions with a minimally coupled scalar field (EMCSF) 
and cosmological term will be a solution of the Einstein 
frame scalar-tensor-MCSF equations with cosmological 
term and with vanishing ip or a. Therefore, wc can con- 
struct Barker counterparts to any solution of the EMCSF 
equations using the nonlinear action of the group SU{2). 

An arbitrary element U € SU{2) can be presented in 
the form 



(15) 



where 



and 



I?(7) 











0{p) 



cos(/3/2) sin(/3/2) \ . . 

-sin(/3/2) cos(/3/2) i ^ 



(16) 



(17) 



It should be noted that the transformations (^^ as- 
sociated with the subgroup consisting of the matrices 
V correspond to a constant shift of the scalar field a: 
u ^ a -\- const. That is why, without loss of generality, 
we may restrict ourselves to the subgroup 5*0(2). 

Taking as a seed solution zq = e^'^° and performing a 
50(2) transformation with the matrix 0{(3) we obtain a 
new solution z which in terms of ip and a reads 



ip = arcsin [sin(/3) cos(tTo)] 



arcsm 



sin(cro) 



\Ji — sin^ (/3) cos^ ((To ) 



(18) 



(19) 



Once having the solution in the Einstein frame it is 
easy to recover the corresponding Jordan frame one. The 
results we summarize in the following proposition: 

Proposition: Let (ff^j/jUo) be a solution to the EM- 
CSF equations with a cosmological term A. Then 
(^^i,,$,ct) form a solution to the Barker-MCSF equa- 
tions with a cosmological potential [/(<&) — 2A$2 where 
a is given by nTS) and 



$-i(ao) = l-sin2(/3) cos'(ao), 



(20) 



(21) 



Without going into detail we formulate the proposition 
in terms of a perfect fluid: 

Proposition: Let {g^v, po^ui^^) be a solution to the 
Einstein equations with an irrotational stiff perfect fluid 
and a cosmological term A. Then (5^^, $, p, ti^) is a so- 
lution to the Barker's equations with an irrotational stiff 
perfect fluid and cosmological potential U{^) — 2A$2 if 
$ and Cjf^i, are given by ^dl ) and and 



p = cos2(/3)$3(cro)po, 



B. Brans-Dicke theory 



(22) 



Brans-Dicke theory is characterized by the functions 
F(<i>) = $ and Z{^) = cj/$ which correspond to 
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A'^{(p) = e'^°"f where =| K |= 1/(3 + 2u). In the 
Brans-Dicke case the metric (^) takes the form 

df =dip^ + e'^°"fda^. (23) 

The metric (|3|), up to the parameter a, also appears 
in the so caUed dilaton-axion gravity It should be 
noted, however, that we consider (^3|) in a different phys- 
ical context. The symmetries of dilaton-axion sector are 
well known, but for completeness we will describe them 
again in our context. 

Introducing the complex field 

^^a(j + ie-°"f, (24) 
we can write the metric ( |2^ ) in the Klein form 
4 d^d^ 



The dilaton-matter sector is SL{2, R) invariant: 



C^ + D 



(25) 



(26) 



where 



There is also a discrete symmetry ^ — > — ^ which cor- 
responds to (7 — > —a. 

The Jordan frame metric g^i, transforms under (|2^) as 

Let us consider a solution {g^,y,(Ta) to the EMCSF 
equations. This solution is also a solution to the Ein- 
stein frame scalar-tensor equations with — ie"""^". 
The SL{2, R) transformation with the matrix L gives a 
new solution z = aa + ie~°"^ where 



(27) 



(28) 



In this way we proved the following proposition: 
Proposition: Let ((7^,y,tTo) be a solution to the EM- 
CSF equations with a cosmological term A. Then 
idfj.vT^,'^) form a solution to the Brans-Dicke equations 
with a MCSF and a cosmological potential U ($) = 2A$^ 
where a is given hy (28) and 



(29) 



(30) 



Applied to the case of a stiff perfect fluid the proposi- 
tion becomes: 



Proposition: Let {gfiui Po,uf^^) he a solution to the 
Einstein equations with an irrotational stiff perfect fluid 
and a cosmological term A. Then {g^v^'^iP^u^) is a so- 
lution to the Brans-Dicke equations with an irrotational 
stiff perfect fluid and a cosmological potential U ($) = 
2A$^ if $ and g^^^, are given by and and 



SttG^po = -g^^d^at^dyan- 



(31) 



The transformations (|2^) associated with the subgroup 
consisting of matrices of the form 



A B 




correspond to either a constant shift or rescaling the 
scalar-fields. That is why, without loss of generality, we 
may restrict ourselves to the matrices 



0{(3) 



cos(/3/2) sin(/3/2) \ 
-sin(/3/2) cos(/3/2) ) 



e SO{2). (32) 



C. A(ip) ~ cosh(A/| K \(p) theory 

Here we cons ider the scalar-tensor theories with 
A{lp) — flcosh{y^\ K \(p) , > 0. Introducing the com- 
plex field 

C = exp{n,/\ir\a) ftanh(^in<^) 



cosh(| K \ ip) ^ 
(33) 

the metric can be written in the Klein form 
4 dCdC 



dV = 



K\[C-C?' 



(34) 



The case under consideration is analogous to the Bran- 
Dicke case and we present directly the final results omit- 
ting the intermediate details: 

Proposition: Let {gf_ii^,ao) be a solution to the EM- 
CSF equations with a cosmological term A. Then 
(gi^u, c) form a solution to the equations of the A{(p) = 
il cosh(-\/| K \(p) theory with a MCSF and a cosmological 
potential U ($) = 2A$^ if a , $ and g^^ are given by 



, 1 + ACeV l^l'^o + BDe-V^^^^^o 



1+ (.4CeVl^l'^o +BDe 



\K\ao 



(36) 
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(37) 



It is not difficult to rewrite this proposition for the case 
of a stiff perfect fluid. The fluid energy density is given 

by 



n'{AD + BCy<i>^ao)po 



(38) 



D. Theory with a fiat diiaton-matter sector 

As we have seen, the theory with a flat diiaton-matter 
sector is described by A{(p) = 1 + atp. Let us introduce 
the complex field 



^ = (1 + a^)e'" 



(39) 



The diiaton-matter sector metric then takes the stan- 
dard flat form 



d'^di;. 



(40) 



The metric is invariant under the group /so(R^) i.e. 
under the transformations 



(41) 



E. Other theories 

When the metric (^) has nontrivial isometrics we can 
use them to generate new solutions from known ones. In 
the general case, however, the metric (|^) has only trivial 
symmetry a — > a + constant. That is why the solu- 
tion generating procedure considered above fails. Never- 
theless, when the diiaton-matter sector does not possess 
nontrivial symmetries we can still generate scalar-tensor 
solutions starting with solutions to the EMCSF equa- 
tions. For this purpose we consider the geodesies of the 
metric (^. It is not difficult to see that if (iy9(r), o'(t)) is 
an affinely parameterized geodesic and {g^ii,<^o) is a so- 
lution to the EMCSF equations with a cosmological term 
A, then {g^v,^{T) \T=ao,o{'T) \T=ao) is a solution to the 
scalar-tensor-MCSF equations with a cosmological term 
A. 

In this way we obtain the following 

Proposition: Let {ip{T), a{T)) is an affinely param- 
eterized geodesic of the metric and {gi_i,^,o'o) is a 
solution to the EMCSF equations with a cosmological 
term A. Then {gf^i,,^,a) form a solution to the scalar- 
tensor equations with a MCSF and a cosmological poten- 
tial [/($) = 2AF^{<i>) where 



(47) 



where G R and r] ^ A + iB ^ C 

Let us take as a seed solution = 1 -I- aa^. It 
is not difficult to see that two of the parameters of 
the group /so(R^) can be absorbed as constant shifts 
(7 — > cr -|- const, and only one essential parameter re- 
mains. Performing a translation with rj = iB we obtain 
a new solution <; with 



(1 + aif) = ^{l + aao)^+B\ 



— arcsm 
a 



B 



v/(l + aao)2 + i?2 



(42) 



(43) 



So we have: 

Proposition: Let {g^u,crQ) be a solution to the EM- 
CSF equations with a cosmological term A. Then 
{gi_i,v, tr) form a solution to the equations of the A{if) = 
1 -|- aip theory with a MCSF and a cosmological potential 
t/($) = 2A$2 if a is given by and 



$-i(ao) = [l + ao^f + B^, 



(44) 



~gi.u - F-\$(ao)).g^^. 



(48) 



(49) 



The geodesic equations for the metric (^) can be for- 
mally solved and we obtain 



dip 



v/l-CV-42(^) 

<7 = C2+C 



Ci±T , 
dT 



(50) 



where C, Ci and C2 are constants. The constants Ci 
and C2 are unimportant and we shall omit them. 

As a concrete example we consider the theory with 
F($) = 4> and Z($) = ^^^^i^ corresponding to 
A^{f) = 1/(1 + f^). Solving the geodesic equations for 
the metric dP ~ d(p'^ -f- -rr-^ we obtain 



c 



sin(Ccro) 



(51) 



.g^^^* \(To)gt.^- (45) 

In the case of a stiff perfect fiuid we obtain 

p^BH^{aQ)po. (46) 



1 + 
2C 



-ao 



4C2 



sin(2C(To) 



(52) 



where < < 1. 

Therefore, if {gfiu, ctq) is a solution to the EMCSF equa- 
tions with a cosmological term A, then {g^j_^,<^,a) is a 
solution to the equations of A?{ip) = 1/(1 + (p2)-theory 
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with a MCSF and a cosmological potential U{^) = 2A$^ 
where a is given by ( |5^ and 



$(ao) = 1 



(J2 



sin^(C(To), 



(53) 



In the case of a stiff perfect fluid this solution corre- 
sponds to the energy density 



(54) 



III. EXAMPLES OF EXACT SOLUTIONS 

As an illustration of the general techniques we consider 
some particular examples of exact solutions. Here we set 
A = 0. 



A. Homogeneous cosmological solutions 

Our first examples are homogeneous isotropic cosmo- 
logical solutions with an irrotational stiff perfect fluid. 
Consider the metric 



^di^ + i^'^ {dx^ + dy^ + dz^) 



(55) 



This is a flat Friedman-Robertson- Walker metric for 
stiff perfect fluid. The fluid energy density is SirG^po = 
l/3t^ and the 4- velocity is = —d^t. The fluid velocity 
potential is ctq = — (f /-s/S) ln(t). 

Since our seed solution is fixed the generated solutions 
will be completely determined only by the explicit form 
of $(cro)- That is why, for brevity, we shall present only 
the explicit form of $((Jo) E^nd the energy density. 



3. A^i'^) = 1/(1 + ip^)-theory 



Solution generating formulas (M) and (B4) give 



m = 1 



(J2 



71 



ln(i) 



8^G.p=^ci>3(i). 



(58) 



The solution (|5^) (presented in coordinates different 
from those used here) was derived by Gurevich et al ^] 
and by Mimoso and Wands jl^ using a completely dif- 
ferent method. Although, the solutions ( p6| ) and ( ^8| ) can 
be also derived by the methods developed in Refs. [^ , 
[Q they have not been presented so far in an explicit 
form. It is worth noting that the methods used here to 
derive the homogeneous cosmological solutions are much 
more elegant and powerful than the methods developed 
in the previous works on the subject. 



B. Inhomogeneous cosmological solutions 

Our next examples are much more interesting. We 
present new inhomogeneous stiff perfect fluid cosmolog- 
ical solutions with everywhere regular curvature invari- 
ants. The gravitational scalar and the energy density are 
everywhere regular, too. 

We consider the following solution to the Einstein 
equations with an irrotational stiff perfect fluid |46j , : 

dsl = cosh^^^-'''' {2mt) cosh^''(2''-i)(mr)(-dt2 + dr^) 
+ cosh2(^"'')(2TOi) sinh^ (mr) cosh^*^"^''' (mr)^^^ 
-I- coah^''{2mt) cosh'^'' {mr)dz^ , (59) 



1. Barker's theory 

Using the solution generating procedure for Barker's 
theory we obtain 

$-i(t) = l-sin2(/3) cos2(^ln(i)). 



V3 



(56) 



2. Brans-Dicke theory 

In the case of Brans-Dicke theory the transformations 
( ^ ) yield the following solution: 



3t2 



-<i>%t). 



(57) 



<Jo{t) = \/b'^ — 1 arctan [sinh(2mt)] . 
The energy density and the four- velocity are given by 

SttG^po = 

4m2(62 _ l)cosh~2(2-b)^2mi) cosh-'*''(2''^i) (mr), (60) 



m(0) = cosh^~''(2mt)cosh- 



26(26-1) 



(mr). 



(61) 



Here, m and b {b^ > 1) are free parameters. 

The solution is everywhere regular and satisfies the 
global hyperbolicity condition. The curvature invariants 
are regular for whole spacetime. In addition, the space- 
time describing by this solution admits two commuting 
spacelike Killing vectors ^ and ^ which are mutually 
and hypersurface orthogonal. 
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1. Barker's theory 

Using as a seed solution (|9|) and applying the solution 
generating formulas (|2^) we obtain the following Barker's 
theory three parametric solution: 

<I>"^(t) = 1 - sin2(/3)cos2 (Vb^ - 1 arctan (sinh(2rnt))) , 



The solution ( |64| ) is nonsingular. The gravitational 
scalar and the energy density and the curvature invari- 
ants /i, /2, I3 are regular everywhere. 

Clearly the solution generating techniques developed in 
the present paper allow us to construct inhomogeneous 
cosmological solutions with everywhere regular curvature 
invariants in many other scalar-tensor theories different 
from those considered above. 



p^cos\(3)^^t)po. (62) 

When cos(/3) = the solution becomes a vacuum 
scalar-tensor solution. That is why we shall focus our 
attention on the more interesting case cos{j3) 7^ 0. In 
this case the gravitational scalar and energy density are 
everywhere regular in space-time. Moreover, we have cal- 
culated the curvature invariants 

with respect to the metric g^i, — *&^^(cro)5^iy and found 
that they are everywhere regular. In this sense the solu- 
tion ( |6^ ) is nonsingular in the case cos(/3) 7^ 0. 

2. Brans-Dicke theory 

In the case of Brans-Dicke theory, the solution gener- 
ating formulas (|l|) give 

<I>-i/2(^) ^ cos^(/3/2) exp {a\/lP' - 1 arctan (sinh(2TOi))^ 
+ sin^(/3/2) exp i-ay/b"^ - 1 arctan (sinh(2m<))j , 



C. Static spherically symmetric solutions 

Finally we present examples of new static, spherically 
symmetric solutions. 

As a seed solution we take the Janis- Newman- Winicour 
solution |49) to the EMCSF equations: 

dsl = -fo^dt^ + fo^^dr^ + /o^^^^V^ {d9^ + sin^ OdcP"^) , 
ao = Vl - A2 ln(/o) (64) 

where /q^ = 1 - and < A < 1. 

When we have asymptotically flat seed backgrounds it 
is natural to consider the solution generating transfor- 
mations preserving the asymptotic flatness of the field 
configuration. It is not difficult to see that the subgroup 
consisting of matrices of the form 

C/^P(|)0(/3)I?-i(|) 

(i.e., isomorphic to 5*0(2) C SU{2)) preserves the 
asymptotics in the case of Barker's theory. In the case of 
Brans-Dicke theory, the subgroup preserving the asymp- 
totics is SO{2) C SL{2, R) consisting of the matrices 



(63) 



In the solution ( |63| ) we have restricted ourselves to the 
subgroup 50(2) C SL{2,R). 

The gravitational scalar and the energy density are ev- 
erywhere regular in space-time. The curvature invariants 
/i, I2 and I3 are also everywhere regular. In this sense 
the space-time described by the solution (^3|) is nonsin- 
gular. 



1. Barker's theory 

The solution generating transformations which pre- 
serve the asymptotics yield the following solution: 

<i>-\fo) = 1 - sin2(/3)sin2 ( ^1 - A2 ln(/o)) , (65) 
cos(/3) sin(\/l~A2 1n(/o)) 



a — arcsm 



^1 - sin2(/3) sin^ {VT^Hf^ 



3. A^{ip) = 1/{1 + ifi^) -theory 

Solution generating formulas ( p3| ) and (^^ applied to 
the seed solution (|5^) yield the following solution: 



m = 1 



1_02 

02 



C\/b'^ — 1 arctan (sinh(2mt)) 



p = 0^$3(t)po. 



2. Brans-Dicke theory 

The scalar-tensor image of (|6^ ) in the case of Brans- 
Dicke theory is 



ci>-i/2(/o) = cos2(/3/2)/o"^^ + sin2(/3/2)/o 
^ ■ ' -^^ Jo Jo 



, (66) 



(T = — sin(/3) 

2« cos2(/3/2)/o"-^ + sin2(/3/2)/- 
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3. A^{ip) = 1/(1 + ip'^)-theory 

The solution generating transformations for the case 
under consideration yield the solution: 

'^ = ^ + sin2(CVl-A2 ln(/o)) , (67) 



-^^sin(2Cyr^ln(/o)) . 

We recall that the Jordan frame metric in the above 
three examples is given by (jf^i, = 'l'^^(/o).9/jiy where the 
explicit form of $(/o) depends on the particular scalar- 
tensor theory. 

In this section we have constructed different kinds of 
exact scalar-tensor solutions in the presence of a stiff 
perfect fluid or a minimally coupled scalar field. Using 
the solution generating methods developed in the present 
work we can, of course, generate many more and much 
more complicated scalar-tensor solutions taking as a seed 
solutions the known in the literature solutions of EM- 
CSF equations (for example see |30)- |3^]). The physi- 
cal properties of every generated class scalar-tensor solu- 
tions, however, require a separate investigation. 



the Maxwell action (in four dimensions) is conformally 
invariant we can immediately write the scalar-tensor- 
MCSF-Maxwell action in the Einstein frame 

s = / '^'^ - ^g'^'^df.vd.^p 

-2A\^)g^-d^,ad,a - F^^F^^'' - A) . 

As is seen the dilaton-scalar-field sector possesses the 
same symmetries (when they exist) as in the case of ab- 
sence of Maxwell field and they can be employed to gener- 
ate new solutions with electromagnetic field from known 
ones. In the general case, when the metric associated 
with the dilaton-MCSF sector may not possess nontriv- 
ial symmetries we can construct exact scalar-tensor so- 
lutions in the presence of electromagnetic field using the 
geodesies of the dilaton-scalar-field sector metric. 
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IV. CONCLUSION 



In this paper we have presented a general method for 
generating exact solutions in some scalar-tensor theories 
of gravity with a MCSF or irrotational stiff perfect fluid 
and with a potential term of a special kind for the gravi- 
tational scalar. The method is based on the symmetries 
of the dilaton-matter sector in the Einstein frame. In the 
case of Barker's theory the dilaton-matter sector possess 
a group of symmetry SU{2). In the case of Brans-Dicke 
and the theory with "conformal coupling" the dilaton- 
matter sector is SL(2, i?)-symmetric. 

We have described an explicit algorithm for generat- 
ing exact scalar-tensor solutions starting from solutions 
to the EMCSF equations with a cosmological term by 
employing the non-linear action of the symmetry group 
of the dilaton-matter sector. 

We have also presented a general method for generat- 
ing scalar-tensor solutions with a MCSF from solutions 
of EMCSF equations using the geodesies of the Rieman- 
nian metric (|^) in the general case, when the metric (|p) 
does not possess nontrivial symmetries. 

As an illustration of the solution generating techniques 
explicit exact solutions have also been constructed. In 
particular, we have constructed inhomogeneous cosmo- 
logical solutions with everywhere regular curvature in- 
variants. 

The solution generating method can be generalized for 
scalar-tensor-Maxwell gravity. Taking into account that 
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